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Abstract

Side-chain positioning is a central component of homology modeling and protein design. In a common
formulation of the problem, the backbone is fixed, side-chain conformations come from a rotamer library,
and a pairwise energy function is optimized. In [5], we showed that it is NP-complete to find even a
reasonable approximate solution to this problem. Here, we explain, for non-computer scientists, the
result in more detail.

1 Introduction

Side-chain positioning (SCP) is a key step in computational methods for predicting and designing protein
structures. A widely-studied formulation of the problem assumes a rigid backbone, a pairwise energy func-
tion, and a set of possible rotamer choices for each Cα position on the backbone. The goal is to choose a
rotamer for each position to find the global minimum energy conformation (GMEC). This formulation of
SCP has been the basis of some of the more successful methods for homology modeling (e.g., [21, 24, 13, 4]),
and protein design (e.g., [6, 20, 19]).

It has been shown that SCP is NP-complete [23]. For any NP-complete problem, if there is an efficient (i.e.,
polynomial-time) algorithm for it, then that algorithm can be used to solve all problems in the complexity
class NP efficiently. The class NP includes all the problems whose solutions can be certified efficiently.
For example, the problem of finding if a set of N numbers has a subset that sums to 1 is in NP because
any candidate solution, i.e., a subset of the given numbers, can be certified quickly: simply add them
up. Predictably, most of the problems encountered in biology are in NP. Many of the interesting ones are
widely believed not to have efficient algorithms for finding optimal solutions. Accordingly, since SCP is
NP-complete, it is unlikely that there is any efficient algorithm for solving the problem optimally.

For many NP-complete problems (including, for example, Max-Cut1 [8]), it is possible to develop
approximation algorithms that can efficiently find a suboptimal solution that is within a provable factor
of the optimal one. Approximation algorithms are different from heuristics, which are algorithms that
should work well in many instances, but have no performance guarantee on the quality of the solution. In
other words, for NP-complete problems that permit approximations, efficient algorithms exist for finding
provably “good,” though not optimal, solutions. For SCP, we have shown that it is unlikely that there is
any approximation algorithm with a reasonable performance guarantee. In particular, in [5], we showed:

Theorem 1.1 It is NP-complete to approximate the minimum energy of the GMEC within a factor of cn,
where c is a positive constant and n is the total number of rotamers.
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Some terms in the above statement need clarification. An algorithm is said to “approximate within a
factor cn” if, for any input, the algorithm produces a choice of rotamers such that the energy of that choice
is no more than cn times the energy of the optimal choice of rotamers. Our theorem indicates that such
an algorithm is unlikely to be efficient. Another detail is that complexity results are proved for yes/no
decision questions. The SCP problem is an optimization problem in which we are given an instance of a
side-chain positioning problem, and we seek the best conformation as well as its energy. It is turned into a
yes/no decision problem by providing as additional input an integer k, and asking whether the GMEC of the
instance has energy less than k. Note that this modified problem is not harder than the original optimization
version: if one could solve the optimization version, one could easily solve this yes/no decision version.

Theorem 1.1 does not mean that good algorithms and methods for the side-chain positioning problem
cannot be shown to work well in practice. Indeed, several papers have presented efficient algorithms that
seem to work well in practice (e.g. [24, 4]), or algorithms that are designed to find optimal solutions but
complete quickly for some problems (e.g. [9, 15, 7, 22, 14]).

Section 2 gives a more formal definition of the side-chain positioning problem. Section 3 gives the proof
of Theorem 1.1.

2 Formulation

The SCP problem can be stated as follows [7]. Given a fixed backbone of length p, each residue position i

is associated with a set of possible candidate rotamers {ir}. Once a single rotamer for each residue position
has been chosen, the energy of a protein system is given by the formula

E = E0 +
∑

i

E(ir) +
∑

i<j

E(irjs),

where E0 is the self-energy of the backbone, E(ir) is the energy of the interaction between the backbone
and the chosen rotamer ir at position i as well as the intrinsic self-energy of rotamer ir, and E(irjs) is
the pairwise interaction energy between chosen rotamers ir and js. We seek an assignment of rotamers to
positions that minimizes the overall energy of the system.
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Figure 1: The graph for-
mulation. In this hypo-
thetical example, there are
four positions in the pro-
tein, one with two rotamer
possibilities and the others
with three rotamer possibil-
ities each.

It is convenient to reformulate the SCP problem in graph-theoretic terms.
Let G be an undirected p-partite graph with node set V1 ∪ · · · ∪ Vp , where Vi

includes a node u for each rotamer ir at position i; the Vi’s may have varying
sizes. Each node u of Vi is assigned a weight Euu = E(ir); each pair of nodes
u ∈ Vi and v ∈ Vj (i 6= j), corresponding to rotamers ir and js respectively, is
joined by an edge with a weight of Euv = E(irjs). Zero-weight edges can be
thought of as equivalent to the absence of an edge, and the node weights can be
modeled as self-loop edges. The GMEC is achieved by picking one node per Vi

to minimize the weight of the induced subgraph.

3 Proof of Theorem 1.1

We will prove this theorem by showing that if the SCP problem has a good
approximation algorithm then we would also have an efficient algorithm for
a problem for which it is likely that none exists, namely a problem involving
satisfiability of boolean formulas.

A 3-CNF formula is a conjunction of clauses, each one consisting of the
disjunction of three literals (not necessarily distinct). An example of such a
boolean formula is shown at the top of Figure 2. In that figure, letters a, b, . . . represent variables and
ā, b̄, . . . represent the negation of those variables. ∨, ∧ represent “or” and “and,” respectively. A formula is
satisfiable if the variables can be assigned values true or false such that the whole formula is true. Given a
3-CNF formula, it is NP-complete to determine whether it is satisfiable.

The PCP theorem [2, 3] asserts that, given any 3-CNF formula Φ on n variables, there exists another one,
denoted by Ψ, which contains nO(1) variables and is satisfiable if and only if Φ is satisfiable. Furthermore, if
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Figure 2: Converting a 3CNF formula to a SCP problem.

Ψ is not satisfiable, then it is strongly unsatisfiable, meaning that no truth assignment can satisfy more than
a fraction α of its clauses, for some constant 0 < α < 1. Finally, Ψ can be derived from Φ in polynomial time.
Since 3-CNF satisfiability is NP-complete, it is then also NP-complete to distinguish between formulas that
are satisfiable and those that are strongly unsatisfiable. (If there is an efficient algorithm that distinguishes
between such formulas, then any 3-CNF formula can be efficiently tested for satisfiability by first converting
it to a strongly unsatisfiable formula and then using this algorithm.)

Given a 3-CNF formula with p clauses that is either satisfiable or strongly unsatisfiable, we create an
SCP problem such that if the formula is satisfiable then the GMEC = 1, but if the formula is not satisfiable
then the GMEC will tell us how many clauses can be satisfied in the original 3-CNF.

We build a p+1-partite graph G as follows: each clause i corresponds to a set Vi of 4 vertices. In each Vi

three vertices are associated with the literals of clause i. These vertices have no self-weights. Two vertices
in Vi and Vj are joined in G if and only if the literal of one is the negation of the other. Each such edge is
assigned weight 3. The 4th vertex in each Vi is an “extra” vertex with no adjacent edges and vertex weight 1.
We add an additional position with a single node of weight 1. The total number of rotamers, or nodes, in
this SCP instance is n = 4p + 1. This reduction is depicted in Figure 2.

If the CNF formula is satisfiable then for each Vi we select a literal set to true as the GMEC vertex.
These p vertices form an independent set (i.e., since one cannot set both a variable and its negation to true,
these vertices have no edges between them) and the energy of the system is 1.

If the CNF formula is not satisfiable then the GMEC is formed by picking the largest independent set
among the vertices, including at most one vertex per Vi, and completing the selection for the remaining Vi

by choosing the fourth “extra” vertex for each. (Picking any pair of adjacent vertices would be a mistake
since that choice could be locally improved by choosing an isolated vertex in each position of weight 1.) We
can set to true the literals corresponding to the vertices of the independent set. Therefore, the energy of the
GMEC is p − c + 1, where c is the maximum number of satisfiable clauses in the CNF formula. Because the
CNF formula is strongly unsatisfiable, the minimum number of unsatisfied clauses p − c is at least (1 − α)p,
and the optimal GMEC of the corresponding SCP problem is at least (1 − α)p + 1.

Thus, suppose we had an efficient algorithm that was guaranteed to find a solution <
(1−α)

4 n times the
optimal. Then for any satisfiable formula, this algorithm would find a solution to the corresponding SCP

problem of value at most (1−α)
4 n. Since this is less than (1 − α)p + 1, the minimum possible value of the

GMEC corresponding to an unsatisfiable formula, this algorithm could distinguish between satisfiable and
strongly unsatisfiable formulas, something the PCP Theorem implies we cannot do.

4 Discussion

While it is NP-complete to find even an approximate solution to the side-chain positioning problem, in
practice large instances of SCP have been solved using both exhaustive and heuristic techniques (e.g., [7, 9,
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15, 11, 1, 18, 10, 4, 17, 12, 16, 24]). This NP-completeness result describes worst-case behavior, and it may
not hold for the classes of problems and energy functions that occur in practice.2 Indeed, in [14], we used
linear programming to probe instances of side-chain positioning, and have shown empirically that in many
interesting cases, it is often possible to find optimal solutions in polynomial-time. Our analysis suggests that
solutions to homology modeling problems are easier to find than those for protein design. An intriguing
open question is to uncover what features of the side-chain positioning problem can make the problem easy
or hard to solve in practice, and whether these features suggest an alternative formulation of the problem.
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